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Abstract

Dynamics of buoyant reacting flows from rectangular, square and round sources were investigated using Direct N
Simulation (DNS). The general three-dimensional time-dependent governing equations for compressible flow and fi
Arrhenius chemistry were solved by high-order numerical methods. The study focused on the intricate couplings
instabilities, vortex dynamics, mixing, entrainment, turbulence and combustion through buoyancy. The main dynamic features
buoyant reacting flows, including the puffing phenomenon, werewell reproduced. The instabilitybehind puffing was identified
as an intrinsic buoyancy instability that arose from density inhomogeneity in the presence of gravity. No external disturbance
were required to trigger or sustain the puffing motions, indicating that the buoyancy instability was a global, absolute in
The base configurations at the inlet had a significant influence on the subsequent vortex dynamics, entrainment, mixing
ultimately the combustion processes. Base configurations with corners, such as squares and rectangles, were asso
higher entrainment rates than those associated with circular jets/plumes, due to the Biot–Savart instability. A new m
based on an extension of the Biot–Savartinstability clearly elucidatedwhy rectangular jets/plumes entrain more than squa
ones, despite the fact that both types of configurations have corners. The aspect ratio effects arising from the mechan
explain the higher level of vorticity and consequently higher entrainment rate along the major axis as compared w
along the minor axis. Axis switching, as may be deduced from the mechanism, was observed in the rectangular case
ratio 3. The main terms in the vorticity transport equations were calculated for this case, and the coupling betwee
dynamics and combustion was scrutinized. The base configurations were seen to trigger different dynamic coupling
instabilities, vortexdynamics, large-scale entrainment, small-scale mixing and combustion. Such couplings were truly two-way
as exemplified by the modification of the energy frequency spectra by chemical heat release.
 2003 Elsevier SAS. All rights reserved.
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1. Introduction

Understanding, prediction and control of turbulent reacting flows remain a major challenge for this century due
extremely complicated couplings among flow instabilities, vortex dynamics, turbulence and combustion. Such couplings ar
especially strong in turbulent non-premixed or diffusion flames, where mixing between the fuel and the oxidizer play
role. Past studies have mostly been concerned with momentum-driven, non-buoyant flames targeted at industrial ap
such as compression ignition engines and gas turbines. However, low-speed, buoyancy-driven reacting plumes have
applications too as in space technology, environmental protection and fire safety, etc. The presence of buoyan
due to combustion-generated density inhomogeneity greatly complicates the turbulence–combustion interactions. S
phenomena are inherently unsteady, transient, and have a wide range of time and length scales, few tools are
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Nomenclature

avity, for
studies of
difficult

enabled
owever,

quate for
nt rate of a
Da Damköhler number
Fr Froude number defined asu∗2

ref/(g
∗
refL

∗
ref)

gz gravitational acceleration in z direction (gz = −1)
�h◦

f,α
standard enthalpy of formation

Li length of flame base configuration inith-direction
Mα chemical symbol for speciesα
p pressure
Qh a heat release parameter
Qm mass flux
Ri Richardson number defined as(1− ρ/ρa)/Fr
Re Reynolds number
Sc Schmidt number
St Strouhal number, non-dimensional frequency defined asf ∗Lref/Uref
t time
T, Tf temperature, flame temperature
u, v, w velocity components inx, y andz directions, respectively
V velocity vector
Wα molecular weight for speciesα
x, y, z spatial coordinates
Yα mass fraction for speciesα
Ze Zeldovich number

Greek

να stoichiometric coefficient for speciesα
ξ mixture fraction defined as(sYF − YO + 1)/(1+ s), wheres = νOWO/νF WF

ρ density
χ mixture fraction dissipation rate defined as 2µ/(Re Sc)∇ξ · ∇ξ

| �ω| vorticity magnitude defined as
√

ω2
x + ω2

y + ω2
z

ωi vorticity components
ω vorticity vector
ωT reaction rate
τ viscous stress vector

Superscripts

∗ dimensional quantity

Subscripts

a ambient
F, O, P fuel, oxidizer and product, respectively
i index for the three Cartesian componentsx, y andz

ref reference quantity
α index for chemical species

in unravelling the complicated multi-scale interactions among combustion, buoyancy, instabilities, vortex dynamics and the
surroundings. Unsurprisingly, current understanding of the phenomena, especially in the near field, is very poor [1].

There have been theoretical, experimental and numerical studies in the field. Experiments of combustion in low gr
example, have been conducted in space laboratories [2]. Whether in space or on the ground, however, experimental
flow-combustion interactions, which typically require simultaneous measurement of two or more quantities, are highly
and costly. Recent advances in particle image velocimetry (PIV) and planar laser-induced fluorescence (PLIF) have
the simultaneous measurement of the two-dimensional (2D) velocity, density and/or temperature field (e.g., [3–5]). H
for truly three-dimensional (3D) fields of turbulent reacting flows, no existing experimental techniques seem to be ade
providing the temporal and spatial resolution required. In fact, measurement of basic quantities such as the entrainme



K.H. Luo / European Journal of Mechanics B/Fluids 23 (2004) 443–460 445

diffusion flame is still subjected to large uncertainties [4]. In the past three decades, various computational techniques have been
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developed, which, coupled with the availability of ever faster and cheaper computing hardware,have become indispensab
tools for research and in some cases for design. In the context of buoyant reacting flows, the Reynolds Averaged
Stokes (RANS) approach has been most widely employed [6]. It is very cost-effective in predicting the average beha
reacting plumes away from the source. Close to the source, however, the RANS approach cannot be relied upon to giv
prediction in the presence of laminar-to-turbulence transition, large-scale entrainment, combustion and strong uns
In principle, Large Eddy Simulation (LES) can overcome most of these deficiencies, because it accurately resolves
scale motions that are responsible for unsteadiness and entrainment. In practice, LES has not been employed exte
predicting reacting flow, due to the uncertainties in the modelling of combustion and mixing at the subgrid-scale (SGS) lev
Nevertheless, some examples of LES studies of buoyant reacting flows have appeared in recent years [7–10]. To
modelling uncertainties, DirectNumerical Simulation (DNS) is desired, which resolves all the scales down to the Kolmogor
micro-scales. Once DNS data is obtained, information can be extracted to enhance fundamental knowledge as well as
validation and development. The method is computationally very expensive, which has limited its application. On th
hand, DNS is the only option for many phenomena involving complicated interactions over a range of scales. Moreov
is the only method which provides high-order turbulent statistics such as triple correlations. Therefore, targeted use of
some important but poorly understood phenomena is justified. The buoyant reacting flow in the near field is just one e

Recently, DNS has seen increased applications for diffusion flames without [11] and with buoyancy [12]. The ne
entrainment rates of reacting plumes from an axisymmetric, square and rectangular sources were very different [1
qualitative but not quantitative agreement with the observations from non-buoyant jets [16]. The presence of solid walls ne
the source could have a significant effect on entrainment and plume development [17,18]. Such results are of rel
control of mixing, turbulence and combustion, which is the ultimate goal of the research and can lead to practical exp
Moin [19] has promoted DNS as an effective diagnostic tool for forming active and passive turbulence control strategi
on fundamental understanding. However, most studies so far have been related to simulation [20] and control [19] of no
flows. More recently, combustion control using both passive and active means has attracted increasing attention [16,2

In the present study, DNS is employed to study buoyant flame dynamics and entrainment in the near field. The focus
effects of the flame base configurations on the complex interactions among fluid dynamics, buoyancy and finite-rate c
The various flow instabilities involved are investigated in detail and their effects on entrainment and mixing are an
The study has relevance to control of combustion where buoyancy effects are important with potential applications f
technology, environment protection and fire safety. The rest of the paper is organized as follows. Section 2 describes
the numerical procedures used in the DNS and the databasesobtained under various conditions. The dynamics and structure
of buoyant diffusion flames are presented in Section 3, together with a detailed analysis on the mechanism behind pu
Biot–Savart instability is revisited in Section 4 and is used to explain some of the effects of flame base configurations o
dynamics, entrainment, mixing and combustion downstream. Section 5 presents a new explanation of the aspect ra
backed by DNS data, and forms a complete description of the flame base configuration effects. The findings from th
study are summarized in Section 6, followed by discussions on unsolved problems. The majority of the mathematical
are defined in the Nomenclature whereas some special symbols are defined in the text.

2. DNS databases

A general formulation was used in an in-house DNS code, DSTAR, which solved the full 3D time-dependent comp
Navier–Stokes equations for flow and the species transport equations for finite-rate Arrhenius chemistry [23]. Buoyan
(ρa − ρ)gz/Fr and(ρa − ρ)wgz/Fr appear in the momentum and the energy equations, respectively, without invoki
Boussinesq assumption [14]. The gravity was aligned in the vertical direction pointing downward so thatgz = −1, after
normalization. As a result, the full coupling between turbulence and combustion through the fluctuating density and
was preserved. Regarding the treatment of chemistry, there has been much controversy about how much detail n
incorporated in a DNS. The answer is very much dependent on the physical problem itself. Shu et al. [24] compared a
global reaction and a detailed 52-step mechanism in a buoyant methane-air flame, and found the results of flame
and the flickering frequency were essentially the same. In the present study, combustion was represented by a simp
1-step, irreversible reactionνF MF + νOMO → νP MP , whose reaction rate was given by the Arrhenius law in the follow
non-dimensional form

ωT = Da

(
ρYF

WF

)νF
(

ρYO

WO

)νO

exp

[
−Ze

(
1

T
− 1

Tf

)]
, (1)

where all the quantities are non-dimensionalized followingthe convention defined in [14,23]. The corresponding heat rel
term in the energy equation isωh = QhωT , whereQh = νF WF �h◦

f,F + νOWO�h◦
f,O − νP WP �h◦

f,P .
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Table 1
Simulation parameters
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Cases Qh Grid points Computational box Sponge layer length

Rectangular I 0 108× 216× 288 3× 6× 8 0.75
Rectangular II 1650 108× 216× 288 3× 6× 8 0.75
Rectangular III 1250 256× 256× 384 8× 8× 12 1.5
Square I 1650 152× 152× 304 4.25× 4.25× 8.5 0.75
Square II 1250 192× 192× 288 5× 5× 7.5 0.75
Round 1250 192× 192× 288 5× 5× 7.5 0.75

The governing equations were solved using a modified 6th-order compact finite difference scheme for spatial disc
in all three directions and a third-order fully-explicit compact-storage Runge–Kutta scheme for time advancement. The
is determined by a Courant–Friedrichs–Lewy (CFL) condition for stability, which is dependent on flow convection, di
and the chemical reaction, with the chemistry constraint being typically the most stringent. For the present spatial DN
high-order schemes, the numerical boundary conditions (NBCs) needcareful treatment. The characteristic, non-reflecting NB
formulation for compressible, reacting and viscous flows [25] was employed. Close to the outflow boundary, an additional b
short sponge layer (see Table 1) was also employed to completely prevent possible spurious wave reflections [17]. T
layer essentially enforced a fully developed outflow condition over a short period, instead of imposing it right at the
boundary as in many other numerical studies. The data in the sponge layer was not entirely physical, so that it was
without any discussion here. For the lateral open boundaries, entrainment was allowed by applying the local one-dim
inviscid (LODI) relations [25] to the momentum equation, in which the density and temperature were assigned their
values.

A series of simulations by DNS were performed of buoyant diffusion flames from round, square and rectangular
Table 1 shows the different cases and the corresponding simulation conditions. Other common parameters were Re= 1000,
Sc= 1, Da= 6, Ze= 12, Tf = 6 and Fr= 1.5. The dynamic viscosity was a function of temperatureµ = T 0.76. Cases
Rectangular I and II were both of an aspect ratio 2, but Rectangular I was a nonreacting counterpart. Case Rectangu
an aspect ratio 3. To facilitate comparison, the different cases used a common length scale for non-dimensionalization. The
diameter of the round source was chosen, which had a non-dimensional value 1. The side lengths of the square and r
sources were chosen, so that their areas were equal to that of the round source. The simulations were conducted on
parallel computer using 96 to 128 processors. As an example, Case Round used about 10 000 processor-hours.

3. Dynamics of buoyant diffusion flames

In buoyant diffusion flames, there is a dynamic coupling among vortex dynamics, entrainment, mixing, combust
turbulence through buoyancy. Because of the finite-rate chemistry used, the flame structures are highly sensitiv
dynamics, which in turn are strongly influenced by combustion-induced buoyancy effects. A typical 3D flame struct
the associated vorticity field are shown in Fig. 2 for case Square II. Near the base, the flame retains its distinctive squa
“Necking” occurs at about one source width above the base, in agreement with other experiments [26–28] and simulat
Above the neck, the first large vortices form, which is followed by an intermittent flaming zone. Further above, the
exhibits changing structure and transient dynamic behavior, characteristic of turbulent diffusion flames. Holes appe
flame structure, which are mainly caused by large-scale vortical motions, although local flame extinction may not be e
Note that the iso-surface plots in Fig. 2 show only one value of the reaction rateωT and the total vorticity magnitud

| �ω| =
√

ω2
x + ω2

y + ω2
z , which define the dominant square features. In reality, small-scale, almost random motions are presen

especially in the far field.
One of the prominent phenomena in buoyant reacting flows is puffing or flame flickering, which exhibits as a quasi-p

self-sustained fluctuation, and rollup of large vortices near the base. Much controversy still exists regarding the me
behind the phenomenon, although some consensus has appeared in recent years. Buckmaster and Peters [30] p
the hydrodynamic Kelvin–Helmholtz instability modified by buoyancy was behind the flame flickering. Ghoniem et al. [29
believed the Rayleigh–Taylor instability also had a contribution. Cetegen and Ahmed [26] found that the puffing frequencie
non-reacting buoyant plumes and reacting plumes had a similar scaling with the source diameter (or the Richardson nu
normalization), suggesting that the mechanisms behind must be the same. Others [9,27,31,32] discussed the puffing m
in terms of convective and absolute instabilities. Cetegen [27] believed the puffing mechanism was of a convective in
type whereas Maxworthy [32] and Zhou et al. [9] found it to be of an absolute instability type. Katta etal. [33] and Jiang
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Fig. 1. The computational configurations and boundary conditions.

Fig. 2. Reaction rate iso-surfaceωT = 0.29ωT,max (left) and vorticity magnitude iso-surface| �ω| = 0.22| �ω|max (right) at t = 24 of the buoyant
reacting plume from a square source (Square II).
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Fig. 3. Time traces of the vertical velocityw at three vertical locations along the centre lines for cases (a) Round; (b) Square II; a
(c) Rectangular II (—z = 1; –·– z = 3; – – –z = 6).

and Luo [13] observed in buoyant diffusion flames that the inner, smaller Kelvin–Helmholtz vortices were triggered b
disturbances whereas the buoyancy-driven outer, larger vortices developed without any perturbation.

In the present simulations, laminar non-premixed flame conditions were applied at the inflow,without any external
perturbations, unlike the non-buoyant jet simulations [34,35] or buoyant plume experiments [27]. The fuel entered v
into a quiescent oxidizer ambient at an initial temperature ratio 3, similar to the conditions at the inflow used in [29]. Combustio
was started by an auto-ignition process facilitated by the hot fuel. The characteristic puffing or flame flickering phen
was observed in all buoyant reacting plume cases and in the buoyant thermal plume case (Rectangular I). Fig. 3 show
traces of the instantaneous vertical velocity at three heights along the centre lines for cases Round, Square II and Rec
In all cases, the periodic fluctuations are easily identified near the sources. In the downstream, higher frequency flu
appear, but the puffing motionsare still visible in cases Round and Square II. In the more “turbulent” case of Rectangular II, th
puffing frequency is almost invisible atz = 6. However, it will be shown in Fig. 5 that the puffing motions have not disappe
and are the most energetic even at that height. These results indicate that the periodic fluctuations initiated from the
source have spread to the whole flow field. Therefore, the puffing phenomenon is aglobal instability by the definition of Huerre
and Monkewitz [36]. Fig. 4 shows the energy frequency spectra of the thermal plume case Rectangular I. Near th
there is a dominant unsteady mode at the non-dimensional puffing frequency or the Strouhal number of about 0
downstream, several harmonics of the puffing frequency have also appeared. In the corresponding reacting case Rec
shown in Fig. 5, the puffing frequency is also 0.5 at both heights. This value can also be obtained from Fig. 3 by m
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centerline velocityw at two vertical locations in the thermal
plume (Rectangular I).

Fig. 5. Energy frequency spectra based on the instantaneous centerlin
velocity w at two vertical locations in a rectangular reacting plum
(Rectangular II), compared with the Kolmogorov−5/3 power law.

counting the periods of oscillations within certain simulation time. The other puffing frequencies are 0.50 for case S
0.47 for case Square II and 0.49 for case Round. For buoyant round plumes, Cetegen [27] obtained an experimental c
St = 0.8Ri0.38. In buoyant rectangular plumes, a slightly different correlation was obtained as [28]: St= 0.55Ri0.45. The
corresponding puffing frequencies for round and rectangular buoyant plumes are 0.59 and 0.46, respectively, atρa/ρ = 3 and
Fr = 1.5. Hamins et al. [37] obtained an experimental correlation St∼ Fr−0.57 for buoyant diffusion flames and St∼ Fr−0.38

for nonreacting helium plumes. Sato et al. [38] fitted various experimental data of buoyant diffusion flames and a
correlations St∼ Fr−0.50 in the low Froude number range and St∼ Fr−0.41 in the high Froude number range. In a very differe
configuration in which the methane-air stream was sandwiched between two annular air streams, Shu et al. [24] ob
experimental correlation of St= 0.43Fr−0.38 and a correlation of St= 0.56Fr−0.38 based on numerical simulations. Where
exact agreement among these correlations and the present simulation results is impossible because of the variation in the den
ratio ρa/ρ produced heterogeneously by combustion, all the values of the puffing frequency fall into a narrow range
suggests that similar mechanisms are behind the puffing. As puffing is associated with the periodic rollup and formatio
vortices near the base, the mechanism behind puffing can be analyzed in detail through the transport equations fo
which after normalization can be expressed in vector form as:

Dω

Dt
= (ω · ∇)V︸ ︷︷ ︸

vortex stretching

− ω(∇ · V)︸ ︷︷ ︸
dilatation term

+ 1

ρ2
(∇ρ × ∇p)︸ ︷︷ ︸

baroclinic torque

+ 1

ρ2
ρa

Fr
(∇ρ × g)︸ ︷︷ ︸

gravitational term

+∇ × (
1

ρ
∇ · τ )︸ ︷︷ ︸

viscous term

. (2)

If the initial vorticities are assumed to be zero, then the vortex stretching and dilatation term will not initiate vorticit
viscous term is always small compared with other terms. The baroclinic torque and the gravitational term are ther
dominant mechanisms for vorticity generation at the onset. This can be understood as follows (see Fig. 6): As the fuel
higher temperature enters the domain surrounded by the ambient oxidizer stream, a density gradient∇ρ is established, which
is aligned in the horizontal direction. Since the gravity is aligned in the vertical direction, the gravitational term in Eq
nonzero, whose magnitude is directly proportional to the density gradient. In the meantime, there is a pressure gradi∇p in
the vertical direction, according to the simplified 1D momentum equation (Bernoulli equation) in the vertical direction:

1

2
ρw2 + p + ρgzz = const. (3)

or in the differential form:

∇
(

1

2
ρw2

)
+ ∇p + ∇(ρgzz) = 0. (4)

So even if very near the source the vertical velocity is constant and the density does not change in the vertical dire
pressure gradient∇p = −ρF gz = ρF �= 0. Therefore both baroclinic torque and the gravitational term contribute to the i
generation of vorticities, whose strength is mainly dependent on the density gradient and the gravitational force. M
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Fig. 6. Mechanisms for vortex generation near the plume source through the baroclinic torque and the gravitational term.

since the density gradient changes sign across the fuel jet centre, vorticities of opposite signs will be generated on differe
sides of the source, which will lead to the rollup of counter-rotating vortices. These vortices are responsible for the
phenomenon described above. As such a phenomenon is caused by an instability which depends on the density d
and the gravitational force only, it is anintrinsic buoyancy instability. Moreover, since no random disturbances are nee
to trigger or maintain the instability, it is anabsolute instability rather than a convective instability as defined by Huerre
Monkewitz [36]. It is self-sustaining as long as there is a buoyancy source. The detailed mechanism for puffing described a
can explain the various observations in experiments and simulations. For example, the dependence of the puffing fre
the ambient pressure observed by Yuan et al. [39] can be attributed to the fact that the ambient pressure changes th
gradient∇p when other conditions are kept the same. Similarly, the correlations between puffing frequency and the Ric
number of Cetegen [27,28] can be justified, because the plume-to-ambient density ratio changes the density gradient∇ρ in the
baroclinic torque and the gravitational term. However, the correlations of Hamins et al. [37], Sato et al. [38] and Shu e
may not fully account for the density ratio effects. Indeed, puffing frequencies calculated from these correlations give s
lower values than from the present DNS results.

Another striking feature of the buoyant reacting plume is the appearance of oscillating energy spectra at high fre
shown in Fig. 5, which is absent from the spectra of nonreacting flows, e.g., in Fig. 4. It should be noted that these spe
computed using instantaneous velocity recordings at single locations, without averaging. The oscillations in energy spectra a
believed to be mainly an effect of heat release, which takes places at small scales and energizes the flow at certa
high-frequencies. Nevertheless, the overall trend in the energy decay agrees with the Kolmogorov−5/3 power law in the more
developed turbulent region downstream (z = 6). However, the physical picture of the Kolmogorov turbulence cascade
require modification in reacting flow, since the energy is not transferred monotonically from large scales to successivel
scales. In fact, volumetric expansion and instabilities induced by combustion are a manifestation of energy “backscatter” from
small scales to large scales.

The combustion processes can be better understood by examining the flame structures. Fig. 7 shows a cross-sec
of the reaction rateωT , the mixture fraction dissipation rateχ and the product mass fractionYP in the planez = 3 of case
Square II. The flame structure is strongly influenced by the large-scale vortex structures induced by buoyancy, and
Savart instability (see next section) that enhances mixing at the corners. Accordingly, the reaction rateωT is large at the four
corners of the square flame. Due to vortex extrusion, there arefour intensively reactive arms extending from the four corn
forming an outer reaction “ring”. As found in [35], theχ -field is characterized by thin sheet-like structures. The high-χ regions
promote mixing at the micro-scale level, which in turn would enhance combustion. However, excessively highχ would lead
to local flame quenching. Therefore, intense reaction zones in Fig. 7(a) do not always correspond to the high-χ regions in
Fig. 7(b). Scatter plots ofωT againstχ (not shown) also reveal that the intense reaction zones and the high scalar diss
zones are not always coupled in a local and instantaneous sense, due to finite-rate-chemistry effects. Finally, Fig. 7
that the combustion product has the highest concentration at the four outer arms rather than at the central region, a
suggested by Fig. 7(a). It again demonstrates that fluid dynamics plays an important role in diffusion flames with fi
chemistry.
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Fig. 7. Contours of (a) the reaction rate (0< ωT < 0.016); (b) the scalar dissipation rate (0< χ < 0.052); and (c) the product mass fractio
(0< YP < 0.111) in the planez = 3 at timet = 24 of the buoyant diffusion flame from a square source (Square II), showing better mixin
combustion at corners.

4. The Biot–Savart instability

The entrainment rate is a key quantity in buoyant diffusion flames and fires. There have been a wide variety of cor
between the entrainment mass flux and the axial/vertical coordinatez, mostly in the context of fire research. Quintiere a
Grove [40] obtained a dependence onz2.5 for axisymmetric fires andz1.5 for infinite-line fires while Zhou et al. [41] found
that data from different experiments would collapse onto a single curve if a normalized entrainment rate was used, wh
dependence onz0.78. However, az5/3 power law was found by Zukoski et al. [42] whereas Zukoski [43] modified it toz1.5. The
large discrepancies in the various correlations were a reflection of the extreme difficulties in measuring the entrainm
flux and entrainment rate. Different experimental techniques have been used [4,44], which partly explains the large
data found in the literature. Recent non-Boussinesq analysis of buoyant thermal plumes by Rooney and Linden [45] arrived a
z5/3 dependence. That study as well as most previous studies assumed an idealized point/line source or an virtual po
with a specified buoyancy flux without a shape, and the results are strictly valid only in the far field. On the other hand
development in the far field relies on details of the momentum and buoyancy fluxes at the source and in the near fie
in the case of a reacting plume depends on the detailed combustion processes. Realizing that the large-scale vortic
are mainly responsible for entrainment in the near field, Cetegen [44] developed a phenomenological entrainment m
axisymmetric fires, which led to a linear dependence of the axial mass flux on the vertical heightz. Grinstein and colleague
[16,34,35,46] have systematically investigated the near-field entrainment properties of non-buoyant jets and jet flame
parallel studies on buoyant reacting flows were conducted. Recently, Jiang and Luo [14,17] added the buoyancy effec
led to qualitative and quantitative differences in the flame dynamics and entrainment.

The near-field entrainment properties of the buoyant reacting flow from the rectangular, square and round source
compared. Fig. 8 shows the normalized streamwise mass flux and the entrainment rate of buoyant and non-buoyan
flames. The normalized mass flux is defined as

Qm(z)

Qm(0)
= 1

Qm(0)

Ly∫
0

Lx∫
0

ρw dx dy = 1

Qm(0)

Ly∫
0

Lx∫
0

ρ(z)w̃(z)dx dy, (5)

where the overline indicates ensemble average and the tilde refers to the Favre average in ax–y plane. The entrainment rate
defined asCe = d[Qm(z)/Qm(0)]/dz. Eq. (5) was initially suggested by Ricou andSpalding [47] and hasbeen widely adopted
[4,14,17,40]. It should be noted thatρw = ρ(z)w(z) + ρ′(x, y, z)w′(x, y, z). However, in many experiments, the fluctuati
partρ′(x, y, z)w′(x, y, z) is ignored. Muñiz [48] estimated that the error due to the neglect of the fluctuating term could
high as 20%.

It is clear from Fig. 8 that the rectangular buoyant diffusion flame (Rectangular II) entrains more efficiently than both
cases (Square I and II), which in turn are more efficient inentrainment than the roundone (Round). The non-reacting b
buoyant rectangular case (Rectangular I) entrains poorly compared with all reacting cases. As a comparison, three no
cases simulated by Grinstein [46] and Grinstein and Kailasanath [34] are also shown. Case pr34 is a non-reacting, re
jet of aspect ratio 2 [46]. Case run3 is a non-reacting, square jet while case run5 is a reacting, square jet [34]. As can
buoyant reacting or non-reacting plumes entrain more efficiently than non-buoyant jets. Furthermore, the effects of
heat release are different in buoyant and non-buoyant flames. Chemical exothermicity was found to inhibit vortex ge
and relaminarize the flow, leading to a lower entrainment rate (cf. run3 and run5 [34]). Similar phenomena were obs
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Fig. 8. Comparison of entrainment properties of non-buoyant and buoyant diffusion flames in the near-field (— Rectangular II;· · · Rectangular I;
– – – Square I; –·– Square II; –· · ·– Round; — — — Case pr34 [46];� run3 [34];× run5 [34]).

Fig. 9. Comparative history of the vorticity extrema of a rectangularand a square buoyant diffusion flames. (a) Rectangular II; (b) Square
((— ωx ; · · · ωy ; – – –ωz)).

high-speed mixing layers [23], which were attributed to the augmented viscous effects due to large temperature rise a
with combustion. Therefore, there are two competing effects of combustion on entrainment: combustion-induced b
promotes entrainment whereas chemical heat release accompanying combustion reduces entrainment through visc
So the net effect will depend on the relative strength of the two competing factors. In the present simulations, cases Rec
and II show an example in which combustion-induced buoyancyeffects dominate, so that chemical exothermicity increa
the density inhomogeneity and buoyancy level, which results in stronger vortices and consequently better entrainme
in turn promotes combustion. Therefore, there is a loop of mutual enhancement consisting of fluid dynamics, buoya
combustion. On the other hand, cases Square I and II demonstrate that the viscous effects can tip the balance and, as
vorticity level is reduced and entrainment is adversely affected by heat release. Han and Mungal [4] found in their exp
that heat release in reacting jets suppressed entrainment by a factor of 2.5 when compared with nonreacting jets.

The mechanism for the discrepancy in the entrainment rate of non-circular and circular non-buoyant jets was disc
Gutmark and Grinstein [16]. The Biot–Savart instability [49,50] was identified as a mechanism for vortex-ring deform
whose rate is measured by the self-induced velocitywd and is proportional toC log(1/σ )�b, whereC is the local azimutha
curvature of a thin inviscid vortex tube,σ the local cross-section of the tube, and�b the binormal to the plane containing th
tube. The Biot–Savart theory predicts that a round, uniform ring would convect with a uniform speed without any ch
shape whereas a vortex tube with corners will convect faster at corners than at other locations leading to vortex deformat
This theory can conveniently explain the higher vorticity level and larger entrainment rate in jets/plumes with corners co
with circular ones. However, there has been no clear explanation of the differences between rectangular and square je
all of which have corners. In Fig. 9, we show a comparison of the extrema of the three vorticity components in two i
(except for the different base configurations) cases Rectangular II and Square I. As expected, the azimuthal vorticityωz in both
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same. However, in Rectangular II,ωy along the major axis (Ly = 2Lx ) directiony grew much faster and stayed higher th
ωx along the minor axis (Lx ) directionx. It indicates that stronger vortices were formed along the long side of the rectan
flame base than along the short side. As a result, the entrainment and spreading along the major axis was larger tha
minor axis. In comparison, in Square I,ωx andωy remained equal all the time, and their strengths were at a similar level aωx

in Rectangular II. Therefore, the overall entrainment rate is higher in a rectangular plume than in a square one. The m
behind is explained in Section 5.

In order to quantify the effects of flame source configurations on mass entrainment, the following correlation is pro

Qm(z)

Qm(0)
= αzβ + 1. (6)

The unknown values ofα andβ are determined by a least-square fit to the different mass flux curves in Fig. 8. The res
five cases are:

α = 0.47, β = 1.08 Rectangular I,

α = 0.73, β = 1.30 Rectangular II,

α = 0.65, β = 1.18 Square I,

α = 0.69, β = 1.22 Square II,

α = 0.51, β = 1.11 Round I.

As a self-contained comparison, the correlation in Eq. (6) correctly captures the trends in the near-field entrain
rectangular, square and round/axisymmetric diffusion flames. However, the powers of thez-dependence determined above
obviously different from those reported in [40–43,45]. There are at least two reasons. Firstly, the correlations in the exis
literature assume a virtual point source of zero diameter, so that the geometric effects have not been included. Secondly, those
correlations are valid for the far-field, whereas the present resultsare obtained for the near-field. Measurement of the entrainm
rate, especially in the near field, is extremely difficult [4,44], so that reliable data for direct comparison is hard to find.
the few studies involving near-field entrainment measurement was conducted by Han and Mungal [4] using PIV. How
diffusion flames considered were momentum-driven, which could not be directly compared with the present results. It
noting that the measured entrainment rate [4] was not a constant even in the far-field of the reacting jet. All these und
difficulty of obtaining a “universal” correlation for such highly non-linear phenomena.

Several factors might have affected the entrainment results presented above, although pure numerical errors we
controlled in the DNS simulations due to rigorous monitoring and tests. The finite computational box size could af

Fig. 10. A mechanism for aspect ratio effects: the
self-induced vorticity along the major axis (ωy ) is larger
than that along the minor axis (ωx ).

Fig. 11. Vorticity extrema history of the buoyant reacting plume from
rectangular source of aspect ratio 3 (Rectangular III). (—ωx ; · · · ωy ;
– – –ωz).
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Fig. 12. Time traces of the extrema of the terms in the vorticity transport equations for the three vorticity components of the buoyant reac
plume from a rectangular source of aspect ratio 3 (Rectangular III). (— forωx ; · · · for ωy ; – – – forωz).

mass flux calculation if velocity components parallel to boundaries at the lateral boundaries [46] were not zero, as the resultin
vorticity would contribute to the vertical mass flux. The lateral boundaries of the present simulations were carefully ch
be remote enough so that all vorticities and the vertical velocity component were zero at the lateral boundaries (see Fig
and 15). However, the computational box length in the vertical direction was limited by computational resources availa
small errors in the calculation of the vertical mass flux near the outflow boundary could not be avoided. Such errors w
apparent when the entrainment rate (the gradient of mass flux) was calculated, as the sudden drop ofCe at the end of the box
might suggest in Fig. 8. Anotherpossibility was statistical errors due to the limited sample data used for calculating the m
quantities. The time duration for averaging was about 12 puffing periods. It was checkedthat averaging over 10 puffing period
produced almost the same results, so that statistical errors should be negligible.

5. Aspect ratio effects

The aspect ratio effect had been wrongly treated as a mechanism rather than a phenomenon in the existing literature [15].
present study of reacting flows from different configurations, however, shed new light on the issue. The Biot–Savart in
itself cannot explain why a rectangular jet/plume entrains more efficiently than an equivalent square jet/plume, both
have corners. But it can be explained as follows. Consider a rectangular plume at the base as a vortex tube “ring
in Fig. 10. Biot–Savart instability will induce vertical velocityWi around the perimeter, whose local magnitude is dire
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Fig. 13. Representative iso-surfaces of vorticityωy (left) and pressurep (right) at t = 7.5 of the buoyant reacting plume from a rectangu
source of aspect ratio 3 (Rectangular III). The pressureiso-surface plot indicates axis switching at aboutz = 6.

proportional to the local azimuthal curvature. It is observed that from a local point of view, the azimuthal curvature at◦
corner must be the same, so thatWi of rectangular and square jets at the corners must be the same under identical conditions.
the midpoints along the sides between the corners,Wi = 0, since the local curvature is zero. Henceωx ∼ ∂w/∂y ∼ Wi,max/Ly

andωy ∼ ∂w/∂x ∼ Wi,max/Lx . SinceLy > Lx , we haveωx < ωy , i.e., vorticity along the major axis (y) should be larger than
that along the minor axis (x). This is indeed seen in case Rectangular II in Fig. 9. Therefore, entrainment along the ma
will be stronger due to largerωy , which tends to make a rectangular jet more square or round. As the trend continues,
“overshoot” to render the originally minor axis the major axis and vice versa. That is when axis switching occurs. On
grounds,ωx andωy of the square plume should stay equal to each other, as is indeed the case shown in Fig. 9. Howeveωx and
ωy of Square I are at a similar level asωx of the Rectangular II, which means that the rectangular plume should on the
entrain better due to a largerωy .

Furthermore, asLy increases relative toLx (i.e., increasing the aspect ratio), the above trends will become stronger, le
to a better overall entrainment in high-aspect-ratio jets/plumes. This is amply demonstrated in case Rectangular III. In Fig
the history of the extrema of the three vorticity components are shown. Although the simulation did not proceed very
to computational cost consideration, it is seen that by timet = 6, the peakωy in case Rectangular III is already much larg
than that of case Rectangular II over a much longer time period. As expected,ωy is consistently larger thanωx , meaning
better entrainment along the major axis. The corresponding time traces of the extrema of transport terms for the three
components are shown in Fig. 12. The baroclinic torque and the gravitational term are seen to be the dominant me
for the initial vorticity generation, in agreement with the 1D analysis in Section 3. However, for the present 3D sim
the dilatation term seems to be important too as a vorticity generation mechanism at the initial stage. At the later s
vortex stretching term is the dominant mechanism for vorticity generation for all three components, while the gravitatio
becomes almost irrelevant. The baroclinic torque and dilatation term are closely related to the combustion process.
release and the accompanying local volume expansion increase the contribution of the dilatation term to vorticity generatio
The effect is larger onωy than onωx , because better entrainment and mixing along the major axis enhances comb
which in turn has a stronger volume expansion. The same is true of the baroclinic torque, because both the density an
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Fig. 14. Contours of the lateral vorticity components (a)ωx ; and (b)ωy in the planez = 5 at timet = 7.5 of the buoyant reacting plume from
rectangular source of aspect ratio 3 (Rectangular III).

gradients (∇ρ and ∇p) are steepened by combustion, which is more efficient along the major axis than along the
axis.

The vortex structures in the high aspect ratio case Rectangular III are now analyzed. Fig. 13 plots representative iso
of vorticity ωy and pressurep at t = 7.5 of Rectangular III. The pressure iso-surface isa better indication of the vortex structur
than any vorticity component [51]. However, the two plots in Fig. 13 indicate very similar vortical structures in the recta
plume. Close to the base, the vortical structures are mainly aligned along the major axis, due to the initial configuratio
dominance ofωy . But at aboutz = 6, there is an axis switching as far as the vortex alignment is concerned. Further in
field, λ-type vortices appear, which are more aligned with the vertical axisz rather thanx andy, and are likely to be dominate
by ωz. A x–y plane cut of the vorticity fields (ωx andωy ) just below the axis switching is shown in Fig. 14. As expec
from the above analysis, vorticity along the major axisωy is in general much stronger than that along the minor axisωx .
In agreement with the Biot–Savart instability, both vorticitycomponents have greater magnitudes at corner regions. The ax
switching process is demonstrated in Fig. 15 through the vertical vorticityωz fields at two heights. The remarkable fact is th
despite the similar ranges of values ofωz, the axis of the overall vortical pattern changes 90◦ over a relatively short distance
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Fig. 15. Contours of the vertical vorticity componentωz at heightsz = 5 and 6 at timet = 7.5 of the buoyant reacting plume from a rectangu
source of aspect ratio 3, showing axis switching (Rectangular III).

Further abovez = 6, the axes switch again, back to the original orientations. Such phenomena, however, should be an
following the above discussion on aspect ratio effects.

6. Discussions and conclusions

Dynamics of buoyant reacting flows from rectangular, square and round sources were well reproduced by a high-o
methodology based on first principles for compressible flow and finite-rate Arrhenius chemistry. The salient phenom
periodic fluctuations throughout the flow field, called puffing, was observed in all cases, whose oscillation frequency was alm
independent of the flow base configurations or heat release, and was in good quantitative agreement with previous experimen
data. Unlike most other simulations or experiments, no external disturbances were applied to trigger or sustain the
indicating that puffing in a buoyant reacting flow is a global, absolute instability originated from a local absolute ins
near the base. Such an instabilitydepends on the density inhomogeneity (in the gravitational field) only, and is thus an intrinsic
instability. The frequency energy spectra of reacting flows were strongly modified by combustion, with the appearance of so
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energized modes at high frequencies. The physical picture of the Kolmogorov turbulence cascade should also be modified, since
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the energy transfer is two-way rather than one-way from large to small scales. Such energy “backscatter” must be re
correctly, in order to model turbulence-combustion interactions.

Combustion had two competing effects on entrainment: combustion-induced buoyancy promoted entrainment
chemical heat release accompanying combustion reduced entrainment through viscous effects. So the net effect wou
on the relative strength of the two competing factors. More importantly, entrainment was strongly influenced by the
configurations. The DNS data showed that the entrainment rate in the rectangular buoyant flame was much higher t
square flame, which in turn had a considerably higher entrainment rate than the round flame. Although such differen
observed before in non-buoyant flows with or without combustion, the discrepancies were much larger in the presen
reacting cases. A correlation in the formQm(z)/Qm(0) = αzβ + 1 quantified the geometric effects on entrainment and sho
the correct trends.

The source geometry effects on vortex dynamics and entrainment were attributed tothe Biot–Savart instability and/or the
aspect ratio effects. The Biot–Savart instability, which leads to different vortex deformation rates at different local az
curvatures, can explain why jets/plumes with corners entrain more and spread wider than circular ones. An extensi
argument provided a theoretical explanation for the aspect ratio effects for the first time. It explained why rectangular jet
entrain more than square ones, despite the fact that both configurations have corners. This simple theory was bac
present DNS data, which showed that the vorticity component along the major axis of a rectangular plume was la
that along the minor axis, and was also larger than that of a square plume under identical conditions. By increasing the aspe
ratio, the vorticity components along both axes were increased, although the vorticity component along the major
still consistently larger than that along the minor axis. As a result of different vorticity levels and correspondingly different
entrainment rates, rectangular plumes have a tendency to switch major and minor axes, possibly more than once.
switching was observed twice at two vertical locations in the case with aspect ratio 3. Due to the high computatio
required, it was not possible in the present study to obtain more statistical quantities on axis switching and its direct e
entrainment. Further studies should be conducted to clarify these issues.

The DNS results showed that the structures of the buoyant diffusion flames were strongly influenced by the
configurations. Mixing and combustion were enhanced by the presence of corners in the non-circular source confi
(square and rectangular) as compared with the circular configuration. The complex interactions among instabilities, vortex
dynamics and finite-rate chemistry through buoyancy effects led to a rich variety of phenomena, which are not fully ac
for in classical combustion theories. Strong correlations among the small-scale mixing represented by the mixture
dissipation rate, chemical reaction rate and the product concentration were not observed at all locations nor at all time
due to the different time scales involved. To correctly capture the flame dynamics and resolve flame structures, a RANS
is unlikely to be successful. A LES has a better chance of success, provided the complex interactions between large
scales observed in the DNS can be correctly represented by subgrid scale models. The dilemma is that turbulence-c
interactions at the subgrid-scale level, including the energy “backscatter” described above, are not yet modelled prop
physical basis. In this context, DNS will continue to serve as a valuable tool for gaining fundamental insight, which wi
us to develop predictive tools and ultimately control algorithms for reacting flows.
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